The terminal Wiener index of a tree is the sum of distances for all pairs of pendent vertices, which recently arises in the study of phylogenetic tree reconstruction and the neighborhood of trees. This paper presents a sharp upper and lower bounds for the terminal Wiener index in terms of its order and diameter and characterizes all extremal trees which attain these bounds. In addition, we investigate the properties of extremal trees which attain the maximum terminal Wiener index among all trees of order n with fixed maximum degree.
Introduction
Many topological indices (molecular-structure descriptors) have been put forward in different studies, from biochemistry to pure mathematics. The Wiener index, which is one of the oldest and most widely used indices in quantitative structure-activity relationships, has been received great attention by mathematicians and chemists (for example, see [4, 6, 7, 18, 19] ). Recently, some researchers considered terminal distance matrix [11, 13] and found that it was used in the mathematical modelling of proteins and genetic [11, 13, 14] and regarded it as a source of novel molecular-structure descriptors [13, 16] . Due to study on the terminal distance matrix and its chemical applications, Gutman, Furtula and Petrović [8] first proposed the concept of terminal Wiener index, which is defined as the sum of distances between all pairs of pendent vertices of trees. The terminal Wiener index is also arisen in the study of phylogenetic tree reconstruction and the neighborhood of trees [1, 12] . For more information on the terminal Wiener indices, the readers may refer to the recent papers [2, 3, 5, 9, 10, 15, 17, 20] and the references cited therein.
Let T = (V (T ), E(T )) be a tree of order n with vertex set V (T ) and edge set E(T ). The distance between vertices v i and v j is the number of edges in the shortest path from v i to v j and denoted
where L(T ) is the set of pendent vertices in V (T ), i.e., the set of vertices with degree 1 in V (T ). Gutman et al. [8] gave a formula for the terminal Wiener index of trees
where p u (e|T ) and p v (e|T ) denote the number of pendent vertices of two components of T − e containing u and v, respectively. The rest of the paper is organized as follows. In Section 2, we present a sharp upper and lower bounds for terminal Wiener index of a tree in terms of the number of vertices and diameter and characterize all extremal trees which attain these bounds. In section 3, we investigate the properties of terminal Wiener index of a tree with fixed maximum degree.
If equality in (8) holds, then by Lemma 2.4, l = n − d + 1. Moreover, by Theorem 4 in [8] , all non-terminal edges e = uv, we have If n = 3p + 1 and n = 3p + 2, then by similar method, we can prove the assertion holds. 
Terminal Wiener index with fixed maximum degree
Let T n,∆ denote the set of all the trees of order n and with maximum degree ∆. If ∆ = 2, T n,2 consists of path P n of order n, and T W (P n ) = n − 1. If ∆ = n − 1, then T n,n−1 consists of star K 1,n−1 and T W (K 1,n−1 ) = (n − 1)(n − 2). By [3] , the extremal trees having the minimum terminal Wiener index in T n,∆ are starlike trees. It is natural to ask which are extremal trees having the maximum terminal Wiener index. Through this section, assume that 3
In this section, we discuss some properties of optimal trees. Schmuck, Wagner and Wang [15] proved the following result.
Theorem 3.1 [15] Let T π be the set of all trees with a given degree sequence
where
and the maximum is taken over all permutations (
It follows from the method of [15] and [21] that we are able to prove the following result. 
where the maximum is taken over all permutations (y 1 , · · · , y k ) of (w 1 , · · · , w k ). Then there exists a 2 ≤ t ≤ k − 2 such that the following holds:
and
Further, if equation (10) is strict, then
if equation (10) is equality, then
Proof. By the definition of
. Hence there exists a 2 ≤ t ≤ k − 2 such that f (t) ≤ 0, f (t + 1) > 0, i.e (10) and (11) hold. (10) is strict, i.e f (t) < 0, then
Hence, we obtain
which means
i.e (12) holds.
If (10) is equality, i.e f (t) = 0, then exists a 1 ≤ s < t such that
i.e (13) or (14) holds. This completes the proof. (9) , then there exists a 2 ≤ t ≤ k − 2 such that
and either
Proof. It follows from Theorem 3.1 and Lemma 3.2 that the assertion holds.
Corollary 3.4 Let T n,∆ denote the set of all the trees of order n and with maximum degree ∆. If 3 ≤ ∆ ≤ n − 3 and T * is an optimal tree in T n,∆ , then T * is an n−caterpillar tree and v 1 , · · · , v k vertices on the backbone of T * such that d(v i ) = x i + 2 and there exists a 2 ≤ t ≤ k − 2 such that
Proof. If ∆ = n − 2, then it is easy to see that the assertion holds. If
* is a starlike tree of degree ∆ and T W (T * ) = (n − 1)(∆ − 1). The assertion holds. If d 2 ≥ 3, by Theorems 3.1 and 3.3, the assertion also holds. 
Proof. Let T 1 be a caterpillar from T * by deleting one pendent edge at vertex v t and adding one pendent edge at vertex v t−1 . Let T 2 be a caterpillar from T * by deleting one pendent edge at vertex v t and adding one pendent edge at vertex v s . Then
Hence by (17) and (18), d(v t ) = 3 and
Suppose that d(v t−2 ) < ∆. Then let T 3 be a caterpillar from T * by deleting one pendent edge at vertex v t−1 and adding one pendent edge at vertex v t−2 . Hence by (19) ,
which is a contradiction. So d(v t−2 ) = ∆. Suppose that d(v s+1 ) < ∆. Then let T 4 be a caterpillar from T * by deleting one pendent edge at vertex v s and adding one pendent edge at vertex v s+1 . Hence 
Proof. Let T 5 be a caterpillar from T * by deleting one pendent edge at vertex v t and adding one pendent edge at vertex v t−1 and Let T 6 be a caterpillar from T * by deleting one pendent edge at vertex v t and adding one pendent edge at vertex v t+1 . Then
Hence by (20) and (21), we have d(v t ) = 3 and
Then let T 7 be a caterpillar from T * by deleting one pendent edge at vertex v t−1 and adding one pendent edge at vertex v t−2 . Hence
which is a contradiction. So d(v t−2 ) = ∆.
Lemma 3.7 Let T * be an optimal caterpillar with v 1 , · · · v k vertices on the backbone of T * in the order and
let T 8 be a caterpillar from T * by deleting one pendent edge at vertex v t−1 and adding one pendent edge at vertex v t−2 and let T 9 be a caterpillar from T * by deleting one pendent edge at vertex v t−1 and adding one pendent edge at vertex v t . Then 
